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Outline

• Detailed look at GP calculations
• Practical implementation of GP in python - GPyTorch



Gaussian distribution vs Gaussian process
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Gaussian distributions 𝑁(𝜇, Σ)
• Distribution over vectors.
• Fully specified by a mean and covariance. 

Gaussian processes 𝐺𝑃(𝑚(𝑥), 𝑘(𝑥, 𝑥’))
• Distribution over functions. 
• Fully specified by a mean function and covariance 

function. 

Normal dist.
(1-D Gaussian)

Gaussian process
(∞-D Gaussian)

What does this actually mean???



Remember: Parametric Models vs. Non-parametric Models 

Parametric models 
• Polynomial regression

Non-parametric models 
• Gaussian Process



Some Intuition
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Some Intuition
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Which observation will have a larger impact on changing P(f | x)?



Some Intuition
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Which observation will have a larger impact on changing P(f | x)?

k(x, x’)
k(x, x’’)

k(x, x’) < k(x, x’’)



Σ =
𝑘 𝑥′, 𝑥′ 𝑘 𝑥′, 𝑥′! 𝑘 𝑥′, 𝑥
𝑘 𝑥!, 𝑥′′ 𝑘 𝑥!!, 𝑥!! 𝑘 𝑥!′, 𝑥
𝑘(𝑥′, 𝑥) 𝑘(𝑥!!, 𝑥) 𝑘(𝑥, 𝑥)

Some Math
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How do we quantify our observations impact on P(f | x)?

k(x, x’)
k(x, x’’)

𝑝 𝑓!, 𝑓", 𝑓 = 𝑁 𝝁, Σ

𝑝 𝑓, | 𝑓!, 𝑓" =
𝑝 𝑓, 𝑓!, 𝑓"
𝑝(𝑓!, 𝑓")

K K*

K**K*^T



Σ =
𝑘 𝑥′, 𝑥′ 𝑘 𝑥′, 𝑥′! 𝑘 𝑥′, 𝑥
𝑘 𝑥!, 𝑥′′ 𝑘 𝑥!!, 𝑥!! 𝑘 𝑥!′, 𝑥
𝑘(𝑥′, 𝑥) 𝑘(𝑥!!, 𝑥) 𝑘(𝑥, 𝑥)

Some Math
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How do we quantify our observations impact on P(f | x)?

k(x, x’)
k(x, x’’)

𝑝 𝑓, | 𝑓!, 𝑓" =
𝑝 𝑓, 𝑓!, 𝑓"
𝑝(𝑓!, 𝑓")

K K*

K**K*^T

𝑝 𝑓, | 𝑓!, 𝑓" = 𝑁(𝜇∗, 𝜎∗)

𝜇∗ = 𝐾∗𝐾$%𝒇
𝜎∗ = 𝐾∗∗ − 𝐾∗&𝐾$%𝐾∗

Note: Zero prior mean



Making Predictions in Practice
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What about multiple predictions? Note: we only have to invert K

K K*

K**K*^T

Draw function samples? Sample from the joint posterior distribution at requested points



Another viewpoint

Prior Posterior



Implementation in GPyTorch – Predictions

𝑝 𝑓 𝑥, 𝒚, 𝑋, 𝜙 = 𝑁(𝑚 𝑥 , 𝜎! 𝑥 )
(posterior)

𝑝(𝑦|𝑓, 𝜃) = 𝑁(𝑓, 𝜃!)
(posterior predictive)

𝑝 𝑓 𝑥, 𝑋, 𝜙 = 𝑁(𝑚′ 𝑥 , 𝜎′! 𝑥 )
(prior)



Implementation in GPyTorch – Hyperparameter Fitting

𝑝 𝑦 𝑥⃗ = &𝑝 𝑦 𝑓, 𝑥⃗ 𝑝 𝑓 𝑥⃗ 𝑑𝑓

log 𝑝 𝑦 𝑥⃗ = −
1
2𝑦

!K "#𝑦 −
1
2 log |𝐾| −

𝑁
2 log 2𝜋

Data fit Complexity 
penalty



Implementation in GPyTorch – Hyperparameter Fitting (constraints)

Softplus transform



Implementation in GPyTorch – Data Preprocessing and Visualization

• Normalize input data à [0,1]
• Standardize output data à <y> = 0, <y^2>=1



Books and Resources

• The GP bible: Gaussian Processes for Machine Learning - C. Rasmussen 
and C. Williams. 2006 
• Free download: http://www.gaussianprocess.org/gpml/
• Especially chapters 1,2,4,5,8

• https://distill.pub/2019/visual-exploration-gaussian-processes/

http://www.gaussianprocess.org/gpml/


Thank you for your attention!

Questions?


